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Abstract

The cyclic antibandwidth problem is to embed an n-vertex graph into the cycle
Ch,, such that the minimum distance (measured in the cycle) of adjacent vertices
is maximised. This is a variant of obnoxious facility location problems or a dual
problem to the cyclic bandwidth problem. The problem is NP-hard. In the paper
we start investigating this invariant for typical graphs. We prove basic facts and
exact results for meshes, tori and asymptotics for hypercubes.

1 Introduction

For a nonempty graph G = (V, E), let f be a one-to-one labelling f : V — {1,2,...|V|}.
Define the cyclic antibandwidth of G according to f as

cab(G, f) = minf|f(u) = f(0)|, V] = [f(u) = f()[}.
The antibandwidth of G is defined as

cab(G) = max cab(G, f).

It is useful to imagine the cyclic antibandwidth problem as a cycle embedding problem.
The vertices are mapped bijectively into Cjy| such that the minimum distance, measured in
the cycle, of adjacent vertices is maximised. The problem was first introduced by Leung
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et al. [4], in connection with some scheduling problems. Since then the problem has
remained almost unexplored. The cyclic antibandwidth problem is a variant of obnoxious
facility location problems [1], a new graph labelling problem [2] or a dual problem to
the cyclic bandwidth problem [3, 6], where the maximum distance of adjacent vertices
is minimised. The decision problem, i.e., "Is cab(G) > 2 7?7, is simply equivalent to
the existence of a Hamiltonian cycle in the complement of G. This belongs to standard
textbooks on complexity and is well known as a King Arthur’s round table problem: ”Is
it possible to place knights around a table such that no two enemies are neighbouring?”

The problem is closely related to the antibandwidth problem [4, 5, 7], (called also dual
bandwidth or separation number) defined as follows

ab(G) = max min {1 (u) — /(0)]}.

In [8] we showed exact results and tight estimations for the antibandwidth parameter for
meshes, tori and hypercubes. In this paper we start investigating the cyclic antibandwidth
parameter. We show basic facts about the problem and prove exact results for meshes,
tori and asymptotics for hypercubes. It turns out that for the above classes of graphs both
parameters are almost the same, but there are graphs for which they differ essentially.

2 Basic Observations
Lemma 2.1. Let G = (V, E),|V| =n, Then
n
< | Z
cab(G) < {ZJ

Equality holds, e.g., for G consisting of a matching.

Lemma 2.2. For n-vertex paths and cycles,

cab(P,) = cab(C,) = {gw - 1.

Let G denote the complement of G. Let G?, for i > 1, denote the graph obtained from
G by joining all vertices in a distance of at most .

Lemma 2.3. For n-vertex graph G and k > 2
cab(G) >k iff C* 1 C G,
cab(G) =1 iff G does not contain a Hamiltonian cycle,

Lemma 2.4.
1
§ab(G) < cab(G) < ab(G),

and both bounds are attainable.

The next Lemma is obvious but usefull. All results for complete binary trees, meshes,
tori and hypercubes are obtained by the Lemma.

Lemma 2.5. Let G = (E,V),|V| = n, Assume there exists an optimal labelling of G

with respect to ab(G) in which the maximum distance of adjacent vertices is at most
n — ab(G). Then ab(G) = cab(G).



3 Meshes

The 2-dimensional mesh is defined by means of Cartesian product of two paths as P, x P,.

Theorem 3.1. Let m > n. If m is even and n is odd, then

1)

5 J < cab(P,, X P,) < ab(P,, x P,) = {Mw :

2

otherwise

1
cab(P,, x P,) = %

We conjecture that for m even and n odd cab(P,, x P,) = [n(m —1)/2|. An example
of a type of numbering attaining all lower bounds in Theorem 3.1, for Py x P, is in the
next table.

38 | 13 14520 | 51 | 25|55 |28
713914146 |21 {5226 |56
33| 8 |40 | 15| 47|22 |53 |27
313419 41|16 |48 |23 |54
30 4 |35(10]42 |17 49|24
1 1315 36|11 |43 18|50
29 2 132] 6 [37]12]44 |19

4 Tori

The 2-dimensional toroidal mesh is defined as C,,, x C,,.

Theorem 4.1. For even n

cab(C,, x Cy) = ab(Cy, x C,y) = M
Theorem 4.2. For odd n
cab(Cy x Cr) = ab(Cy x C) = 117 2);" +1

5 Asymptotics for Hypercubes

The vertices of the hypercube are represented by binary numbers of length n and two
vertices are adjacent iff the strings differ in one position.

Theorem 5.1. For the n-dimensional hypercube @),
2n
V2mn

The same result holds for ab(Q,,), with possibly different third order term [8].

cab(Q,) = 2" —

(1+0(1)).
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