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Chapter 1

Introduction

The advent in VLSI technology in recent years has enabled the construction
of very complex interconnection networks. Since most experts say that there
will be a trend to add more computational units into the circuits rather than
increasing computational power of one unit, the interconnection networks are
of strong interest in computer science. By using certain number of computa-
tional units in circuit certain time and capacity of the circuit is consumed by
the communication between the units rather than computational tasks. As
the number of units is increasing, the task to manage the communication is
getting more complex. One of the most important part of this problem is to
find a ”suitable” topological structure for the interconnection network. This
task is of strong interest of computer scientists and engineers.

The fundamental tool for analyzing the properties of interconnection net-
works is graph theory. This work is focused on some design problems of in-
terconnection networks. Especially, we study the one- and three-dimensional
layouts of their underlying graphs.

The one-dimensional (linear) layouts studied here are rather formulated as
graph labeling problems. We focus on the antibandwidth problem. This prob-
lem can be formulated as a linear layout problem or a graph labelling problem.
The task is to find such a linear layout of a graph in which the length of the
shortest edge is maximal over all linear layouts of the graph. The study of
the problem is motivated by computer science, enemy facility location problem
and coding theory. An interesting application can be found also in tournament
scheduling problems.

This problem is almost unexplored - there are some results in the literature
but exact results are rare.

The key notion in this thesis is that of linear layout of a graph (see Figure
1.1). It plays an important role also in the second part dedicated to the three-
dimensional layouts of graphs. The constructions we use there are based on a
simple linear layout of a graph.

The ”standard” way the interconnection networks are realized is by a two-
dimensional layout. The chip consists of one layer of transistors built in a
plane and occupying some area. In recent years the research of the three-
dimensional layouts has started. The reasons for this are simple. The three-
dimensinal layout is more ”compact” compared to the two-dimensional one
and needs shorter connections links. The shorter connection links mean the
lower building costs of the chip. Although at the time of writing of this work,
there were no real life applications known to the author, they are expected,
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Figure 1.1: A graph and one of its possible linear layouts

according to words of some IT experts, in the near future. In article ”IBM
bakes new 3D circuit design” from November 11, 2002 IBM says, that that they
have devised a new 3D circuit design that uses two or more layers of transistors.
This technology, according to IBM, is still fairly green but has some important
advantages, like mixing different kinds of circuits in one chip, increasing the
number of transistors (higher performance of a chip) and reducing the length
of metal interconnections (cheaper and faster production) [1].

This work is organised into two main parts: linear and three dimensional
layouts of graphs. In both sections we study the corresponding properties of
some well-known classes of interconnection networks.

In the following sections we provide a brief introduction into both problems
together with motivation and overview of the previous results.

1.1 Antibandwidth problem

The antibandwidth problem is a special case of the antidilation problem (called
separation in literature [41]). Antidilation is a problem of injective embedding
of a graph G in a graph H such that the length of the shortest edge of G mea-
sured in H is maximised over all possible embeddings of G in H. Antidilation
is a dual problem to a well studied dilation problem [36]. The special case of
dilation is bandwidth problem where one is looking for such a linear layout
of a graph where the longest edge si minimized. The antibandwidth problem
is a dual modification of the bandwidth problem. Because of this duality we
choose the name ”antibandwidth” for the problem.

The antibandwidth problem was originally introduced by Leung, Vornberger
and Witthof in [38] under the name separation number. Meanwhile, the term
separation number has been used for another linear layout problem [16]. There
was also an other name used for this problem. Lin and Yuan called it dual
bandwidth [39]. Leung, Vornberger and Witthof discuss three modifications
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of the well-known bandwidth problem: cyclic bandwidth and the linear and
cyclic separation problem (called antibandwidth and cyclic antibandwidth in
this work). They show by reductions that directed version of antibandwidth
problem is connected to some multiprocessor scheduling problems. Note that
directed case of the antibandwidth problem is less difficult comparing the undi-
rected case. NP-completeness of both antibandwidth and cyclic antibandwidth
problems is also proved here.

1.1.1 Motivation

The original motivation comes from the area of radio frequency assignment
problem [26]. The problem is to assign n different frequencies to n transmit-
ters in such a way that physicaly neighbouring transmitters have as different
frequencies as possible. The transmitters are represented by the vertices of a
graph G and their neighbourhood is represented by the adjacency in a graph
G. The problem also belongs to the family of obnoxious facility location prob-
lems. The ”enemy graph” is representing some kind of ”"enemy” facilities and
the task is to arrange them on the line (cycle, mesh,...) such that the minimal
distance between any of two enemies is maximised. The ”enemy” relation is
represented by adjacency in the underlying graph. In this work, we research
the linear and cyclic version of the problem, i.e. we consider the embeddings
of a graph G = (V, E) into the line or cycle of the length |V|. However, the
embeddings into general graphs are interesting too. Especially the case where
the host graph is a hypercube @, and the guest graph is a complete graph
K,. Then antidilation of K}, embedded in @, (p < 2") is equal to the minimal
Hamming distance of a binary code with p words of length n. The minimal
Hamming distance of a code characterizes code’s robustness, especially the
error correcting property (see for example [40]).

The edge bandwidth problem is studied in [33]. We defined the analogue
version of the antibandwidth problem. The task is to label edges by consecu-
tive integers 1,2, ..., |E| such that the minimal difference of labels on incident
edges is maximized. There is a nice real-life application of edge antibandwidth
problem in tournament schedulings. Consider a tournament with n players.
There are m pairs of players. One such pair is a game. We want to schedule
these games in such an order where the break between two games involving
the same player is maximised (so the player can rest as long as possible with-
out delaying the schedule). A tournament can be represented by a n-vertex
m-edge graph G. Then our tournament scheduling problem is equivalent to
finding the edge antibandwidth of the graph G. Motivated by this applica-
tion we started to research also this modification of the original antibandwith
problem.

1.1.2 Goals and results

In this thesis we provide results concerning the basic versions of antibandwidth
problem: linear, cyclic and edge antibandwidth. Our goal is to research and
determine the invariant for most common interconnection networks and show
its relation to other graph invariants. This goal is given by the trends in
this area of research. In this part we solved several open problems. For
interconnection networks like meshes and hypercubes there were previously
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known the upper and lower bounds obtained by Miller and Pritikin [41]. They
proved the following results for m x n meshes:

{”(””LQ_DJ < ab(Pp x Py) < L%J .

And for hypercubes on 2" vertices:
2n
V2mn

We proved the exact values. Namely for meshes we have:

ab(Pp, x Py) = {n(ml)J .

27’L—1 o

(1+0(1)) <ab(Q,) <2271

2
And for hypercubes:

n

V21

Moreover, we solve and determine the antibandwidth value for some other
classes of interconnection networks like tori, complete k-ary trees and three-
dimensional meshes.

We extend the existing results by a research of the cyclic antibandwidth
problem which is motivated by an existence of similar research of cyclic band-
width problem. We determine the cyclic antibandwidth problem for meshes,
toroidal meshes and hypercubes. Moreover, we found a simple but nice real
life application for the edge antibandwidth problem. Note that there exists
an analogoue research for the edge bandwidth problem which is the other mo-
tivation for studying this version of the problem. Motivated by our simple
real life application we start to research this modification of the problem for
complete, complete bipartite and complete k-partite graphs and provide the
exact results for complete and complete bipartite graphs.

The antibandwidth problem still offers a lot of unexplored open problems.
We summarize some of them at the end of thesis.

ab(Qn) = 2"t —

(14 o0o(1)).

1.2 Three-dimensional layouts of graphs

In this part of the thesis we are concerned with three-dimensional layouts of
graphs. Our work is motivated mainly by computer science, especially the
three-dimensional VLSI layouts. Our results can be used in the area of three-
dimensional graph drawings as well. One of our main results here is a general
lower bound for volume-optimal 3D layout of a graph. This bound depends
on a parameter called cutwidth which can be defined using the terminology of
linear layouts discussed in the previous section. Our goal is to minimize the
volume occupied by the graph in space. The graph is drawn orthogonally in
a three-dimensional mesh realized on integer coordinates with unit spacing.

1.2.1 Motivation

The research on three-dimensional circuit layouts has started in seminal works
[46, 50]. As we showed in the introduction, only recently the technology ad-
vanced such that 3D circuits can be build physically. Meanwhile, theoretical
research based on models continued.
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Rosenberg in his work [50] pointed out the importance of presenting in-
terconnection networks in 3D and proved some basic results concerning two
models of layouts: all-volume model (basically our general model) and one-
active-layer model. Preparata in [46] used these models and proved results for
cube-connected cycles.

Models considered in both works were natural generalization of 2D models
from [54].

Since it was formally proved that 3D layouts may essentially reduce material
[37], measured as volume, several basic results appeared. This problem can be
considered also as a special orthogonal three-dimensional drawing of graphs,
see for example [19].

The main limitation of all early results in this area was the degree of a node.
Only the vertices with degree at most 6 were considered. This limitation was
given by the model used for representing the circuit where the node was just
a point in a 3D mesh.

There are only few results allowing the degree of vertex to be arbitrarily
high [7, 10, 62]. Models considered there represent vertex as a rectangle [10],
square[62] or axis-aligned box [7]. There are two trends concerning the routing
of the edges in 3D layout models. Generally, we can say that overlapping of the
edges is forbidden. There are models that allow crossing of the edges in one
point [10] and also the models which allows crossing (or better said touching)
of the edges in their endpoints only [7] (motivated more by ”nice” 3D graph
drawing).

1.2.2 Goals and results

In our work, we consider the one-active-layer and general model. In both cases
we use the representation of a vertex which allows the degree of a vertex to
be arbitrarily large.

Calamoneri and Massini addressed two open problems concerning the study
of optimal volume of the hypercube under two-active-layer and general model
[10]. In our work we solve both of them. Calamoneri and Massini obtained
the following results concerning the two-active-layers model:

VOLy_ 4 (Quogn) = Q(N2 logz N).

VOLo_ A1 (Qiog N) = O(N% log N).

We prove the optimal volume under one-active-layer layout and use it to
build up the volume optimal two-active-layer layout:

VOL1_ar(Qiog N) = @(N% log V).

Using two one-active-layer layouts we obtain the following volume for two-
actvie-layers model:

VOLy_ aL(Quogn) = O(N2 log N).

For the volume of the layout under the general model we prove the following
optimal value:

VOL(Qiog v) = O(N2).
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The volume-optimal construction for both models employs the so called col-
inear layout of a graph. It is a layout which belongs to a large family of linear
layouts of graphs. This layout is a key to our optimal solution and it can
applied for the cartesian products only. This fact leads to a problem which
is still open according to our knowledge. It is a problem of finding a general
construction providing a volume-optimal layout of a general graph.

Motivated by a similar research by Fernandez and Efe [21] in the area of two-
dimensional layouts we extend our results from hypercube to any cartesian
product graph with isomorphic factors. We provide here an asymptotically
exact results and constructions for several other classes of product graphs
(cube-connceted-cycles, star graph, linear array (path), and others).

1.3 Structure of the thesis

In the next chapter we define the terms and notions we use in this thesis. We
define just the notions which are new or less common. The studied intercon-
nection networks are defined here as well.

Chapter 3 is dedicated to existing results in both antibandwidth and three-
dimensinal layout problems. We provide here a short overview of both prob-
lems.

Chapters 4,5 and 6 discuss our results concerning three modifications of the
antibandwidth problem: linear antibandwidth, cyclic antibandwidth and edge
antibandwidth, respectively. Chapters 4 and 5 provides exact or asymptoti-
cally exact results for networks like meshes, toroidal meshes, three-dimensional
meshes, complete k-ary trees and hypercubes. The edge antibandwidth is
discussed for complete, complete bipartite and complete k-partite graphs in
Chapter 6.

Chapter 7 discuss our results in the volume optimal three-dimensional lay-
outs problem. We provide here a general lower bounds and an optimal con-
structions for hypercube in both models. Then we generalize obtained results
for any cartesian product graph constructed from isomorphic factors and pro-
vide asymptotically exact values for products of some known interconnection
networks.

Chapter 8 concludes obtained results and provides some interesting open
problems for both parts of the thesis the antibandwidth and volume optimal
three-dimensional layouts of graphs.



Chapter 2

Notions and definitions

In this chapter we define the terms we use in this thesis together with some
classes of interconnection networks we study here. We follow the standard no-
tation for common terms so we define just the new problems and less common
notions.

This chapter consists of three sections. The first one is dedicated to the
definition of the antibandwidth problem and its related notions. In the second
section we define the problems and notions related to the three-dimensional
layouts of graphs. In the last section we define some of the known intercon-
nection networks which are discussed later in this work.

2.1 Antibandwidth problem

The antibandwidth problem is a special case of the so called antidilation prob-
lem. First, we define the embedding of a graph G in a graph H.

Definition 2.1.1. Let G = (V1, E1), H = (Va, E2) be graphs such that
[Vi| < |Va|. Then the embedding of a graph G in a graph H is a injective
mapping of vertices of G into vertices of H.

Definition 2.1.2. The antidilation problem is to embed a graph G = (V1, Ey)
into a graph H = (Va, E3), |Vi| < |Va|, in such a way that the minimal dis-
tance of adjacent vertices of G measured in H is maximised over all possible
embeddings of G into H.

We call G ”the guest graph” and H “the host graph”.

We denote the antidilation of a graph G in a graph H by
adil(G, H).

We provide the relation between antidilation and its dual variant dilation
later in this work. The dilation is defined in a dual way to the antidilation
problem.

Definition 2.1.3. The dilation problem is to embed a graph G = (V1, Ey) into
a graph H = (Va, E»), |Vi| < |Val, in such a way that the maximal distance of

adjacent vertices of G measured in H is minimised over all possible embeddings
of G into H.
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We denote the dilation of a graph G in a graph H by
dil(G, H).

In the case where the host graph is a path the antidilation problem reduces
to its special case - the antibandwidth problem The antibandwidth problem is
to embed a graph G = (V, E) into a path of length |V in such a way that the
shortest edge is maximised over all possible embeddings of G. See the example
in the Figure 2.1. We call this the ”linear antibandwidth problem” or simply
the ”antibandwidth problem”.

Usually, it is useful to look at the antibandwdith problem as at a graph
labelling problem. More formally:

Definition 2.1.4. For a nonempty graph G = (V, E), let f be a one-to-one
labelling
f:V —1{0,1,2,3,..|V] - 1}.

Define the antibandwidth of G according to f as
ab(G, f) = min | f(u) — f(0)]
The antibandwidth of G is defined as

ab(G) = m}gxab(G, f)-

The antibandwdith problem is, in fact, a dual problem to the well known
bandwidth problem [16] where one asks for such a linear layout of the graph,
where the length of the longest edge is minimised.

1 3 5 7 2 4 6

Figure 2.1: Optimal layout of P

We discuss here the cyclic version of the antibandwidth problem too. This
is a modification of the problem where a graph G is embedded into a cycle.
Formally:

Definition 2.1.5. For a nonempty graph G = (V, E), let f be a one-to-one
labelling:
FiV - {0,1,2,3,..|V| - 1}.
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Define the cyclic antibandwidth of a connected graph G according to f as
cab(G, f) = min {|f(u) = f(v)l, V] = |f(u) = F(0)[}.
The antibandwidth of G is defined as

cab(G) = m?xcab(G, f)-

In the cyclic antibandwidth problem the vertices are mapped bijectively into
Cly| such that the minimal distance, measured in the cycle, of adjacent vertices
is maximised.

Because of the duality between the bandwidth and antibandwidth problems
we try to follow the research trends in the bandwidth problem. One of these
trends is a research of so called edge bandwidth problem. This problem is
basically similar to standard bandwidth problem. The difference is that in
edge bandwidth problem one is labelling the edges of a graph not the vertices.
The goal is similar - to minimize the maximal difference of labels of incident
edges. In fact, this problem can be simply turned into standard bandwidth
problem by performing a line graph operation on originally researched graph.
After this conversion one can solve the standard bandwidth problem on a
converted graph. The same holds for edge antibandwidth problem which we
define as follows.

Definition 2.1.6. The edge antibandwidth problem is to label edges of an m-
edge graph bijectively by 0,1,2,3...,m — 1 such that the minimal difference of
labels on incident edges is maximised.

Let us remind that the line graph operation on a graph G turns the edges of
G into vertices of L(G). Any two vertices of L(G) are connected by an edge iff
the corresponding edges in G were adjacent. See the Figure 2.2 for example.

2
b 3 % b

C

Figure 2.2: Line graph operation on star on 4 vertices

In the text we denote the edge antibandwidth of a graph G by the following
notation:

ab(L(G)).
To complete the necessary definitions we need to define the following notions.

Definition 2.1.7. Let G be a graph. Let O(A) denote the vertex boundary of
a set A CV, i.e., the set of all vertices from V — A having a neighbour in A.
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Definition 2.1.8. Let G = (V1, Vo, E) be a bipartite graph. Let 0p(A) denote
the vertex boundary of a set A C Vi, i.e. the set of all vertices from Vo having
a neighbour in A. We call it the bipartite vertexr boundary.

Let us define the simplicial order in a graph G as follows [8].

Definition 2.1.9. Let x = (z1,z2,23,...,2yn) and y = (Y1,Y2, Y3, ..., Yn). Then
x <y if either Y x; <> y;, or Y x; = Y. yi, and for some j we have x; > y;
and x; = y; for alli < j.

In the proof of antibandwidth of complete k-ary tree we use the following
two notions: vertex bisector and edge bisector.

Definition 2.1.10. We say that a set of vertices U in a graph G = (V, E)
is a vertex r-bisector if removing U the remaining vertices are partitioned
into disjoint sets Vi, Va, s.t. |Vi|,|Va| < r and every path between Vi and Vs
contains a vertex from U.

And in the similar way we define the edge bisector.

Definition 2.1.11. We say that a set of edges F in a graph G = (V, E) is
an edge [n/2]-bisector if removing F' the vertices are partitioned into disjoint
sets Vi, Va, s.t. |[Vi|,|Va| < [n/2] and every edge between Vi and Va belongs
to F.

2.2 Three-dimensional layouts of graphs

All three-dimensional layouts discussed here are realized in the three-dimensional
integer mesh with edges of unit length. The exact rules for three-dimensional
layouts are given by models. For our work the following two models are im-
portant.

Definition 2.2.1. The three-dimensional one-active-layer layout of a graph
G is a mapping of G into the three-dimensional mesh such that the following
conditions are satisfied:

o A vertex of degree d is represented by a square of integer coordinates of
side d lying in the basic plane given by z = 0. The sides of the square
are parallel to the x and y azes.

e Two vertices (squares) do not touch.

o FEdges are represented as edge disjoint paths in the 3D mesh graph in the
halfspace above the basic plane. A path touches only two squares which
represent the endvertices of the corresponding edge.

Definition 2.2.2. The three-dimensional general layout of a graph G is a
mapping of G into the three-dimensional integer mesh such the following con-
ditions are satisfied:

o A vertex of degree d is represented by a cube of integer coordinates of the
side of length d. The sides of the cube are parallel to the axes.

e Two vertices (cubes) do not touch.
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e LEdges are represented as edge disjoint paths in the mesh graph. A path
touches only two cubes which represent the endvertices of the correspond-
ing edge.

These two models cover main trends in research and with small differences
(vertex representation mainly) they are used in most of the cited papers.
With use of one-active-layer and general model we can define our goal.

Definition 2.2.3. The volume-optimal one-active-layer (general) layout of a
graph G is a layout minimizing its volume in the one-active-layer (general)
model.

The volume of a graph G in one-active-layer model is denoted by
VOL1_aAL(G).
The volume of a graph G in general model is denoted by
VOL(G).

Remark. The models we described, differs from the so called multilayer
model [13], in which vertices are represented as boxes lying on the bottom
layer and edges are routed in layers parallel to the basic plane.

Most of our results in this part of the thesis are connected with cutwidth
parameter of a graph.

Definition 2.2.4. Let ¢: V — 1,2,3,....|V| be a 1-1 labelling of vertices of a
graph G = (V, E). Define

ew(G,¢) = max{|{uv € B : g(u) < i < d(0)}]}
The cutwidth of the graph G is defined as

cw(G) = m;n{cw(G, o)}

The cutwidth is strongly related to linear layouts and, roughly saying, rep-
resents the largest edge cut in a graph which is embedded in a line.

The bisection width is defined in a similar way to cutwidth. The only dif-
ference is that only the cut in the middle of the layout is minimised. More
formally

Definition 2.2.5. Let ¢ : V — 1,2,3,...,|V| be a 1-1 labelling of vertices of a
graph G = (V, E). Define

bw(G, ¢) = max{|[{uv € E : ¢(u) < [V|/2 < ¢(v)}|}.
The bisection width of the graph G is defined as

bw(G) = m(;n{bw(G, o)}

The basic building block for three-dimensional layouts we discuss here is a
colinear layout. It is a slight modification of the linear layout of a graph. It is
defined as follows.
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Definition 2.2.6. In the colinear layout the vertex is represented as a square
with sitde length equal to its degree. The vertices are arranged in the line in a
ordering. The edges are routed in edge-disjoint manner in the two-dimensional
integer mesh situated in the halfplane above the vertices.

The height of colinear layout of a graph G is defined as A(G) + ¢, where
A(G) is maximal vertex degree in G and ¢ is the number of horizontal tracks
used for routing of the edges.

Note that from the definition of cutwidth follows that the optimal colinear
layout of G has number of tracks equal to cutwidth of G.

In the section dedicated to volumes of cartesian product graphs the following
parameter plays an important role.

Definition 2.2.7. [31] Let the routing p be defined as follows. For every two
distinct vertices u,v of G there exist 2 paths, from u to v and from v tou. The
number of paths of p is then n(n — 1). The edge forwarding indez of (G, p)
denoted by w(G, p) is the mazimum number of paths, specified by routing p
going through any edge of G. More precisely :

(G, p) = maz{m.(G,p) : e € E(G)},
and the edge-forwarding index of G is defined as
m(G) = min{n(G, p) : Vp}.

2.3 Interconnection networks

The main task of an interconnection network is to provide the communication
scheme between the computational units in a circuit. The properties, and
therefore the abilities, of the interconnection networks to satisfy the commu-
nication needs of the circuit depend on its topological structure. It has been
shown practically that graph theory is a very powerful tool for designing and
analyzing of the topological structure of interconnection networks.

One of the most popular network topologies is hypercube. On the other
hand, there are also other topologies that are of strong interest of researchers
because of their interesting properties.

In the following sections we show the definitions of some of these networks,
especially those which are mentioned later in this work. We refer the interested
reader to the nice monograph on interconnection networks [60] for more details
on particular topologies and techniques used for their design.

2.3.1 Hypercube networks

The hypercube became the first choice for the topological structure of parallel
processing and computing systems. This structure has been intensively studied
in graph theory [30] and several commercial machines are based on hypercube
architecture.

Definition 2.3.1. The vertex set of the hypercube @, consists of all binary
sequences of length n on the set {0,1}, i.e.

V ={z1z9..xy 1 2; € {0,1},i =1,2,...,n}

Two vertices x = x1x3...%n and y = Y1Ys...Yyn are linked by an edge if and only
if © and y differ exactly in one coordinate, i.e. Y | |x; — yi| = 1.
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Let us note that there is also other equivalent definition of the hypercube
based on cartesian product method [60].

2.3.2 Mesh and tori networks

Definition 2.3.2. The structure of a mesh network is defined as a cartesian
product of two undirected paths of lengths m,n: Py, X P,.

We often refer to such a mesh as a m x n mesh.
Natural generalization of this definition leads to a definition of multidimen-
sional meshes.

Definition 2.3.3. The n-dimensional mesh network is defined as Py, X Py, X
... X Py, where Py, is undirected path of length m,;.

The torus network is constructed in the same way as the mesh network with
use of cycles C; instead of paths P;, for ¢ = 1,2,...,n.

2.3.3 De Bruijn networks

This network has certain advantages over the hypercube, i.e. it can connect
more processors for the same values of degree and diameter, it has unique
shortest path between any ordered vertices, what gives an easy routing algo-
rithm, and others.

Definition 2.3.4. The vertex set V of de Bruijn graph B(d,n) is
V =A{z1z0..x 1 2; € {0,1,2...,0d = 1},i = 1,2, ...,n}

and edge set E consists of all edges from one vertex x1xs...x, to d other vertices
T9...Tn_10, where a € 0,1,...,d — 1.

For other equivalent definitions (using iterated line graphs or arithmetic
method) see [60].

2.3.4 Cube-connected cycles

Definition 2.3.5. The n-dimensional cube-connected cycles, denoted by CCC(n)
1s constructed from n-dimensional hypercube Q,, by replacing each vertex of Qp,
with undirected cycle of length n. The ith dimensional edge incident to a ver-
tex of Qn is then connected to the ith vertex of the corresponding cycle of

cCC(n).

2.3.5 Star graph

Definition 2.3.6. An n-dimensional star graph is a symmetric graph that has
N = n! nodes of degree n—1. Fach node in an n-star is assigned a label, which
is a distinct permutation of the set of n symbols {1,2,3,...n}. Two nodes are
connected with a dimension-i link, 2 < i < n, iff the label of one node can be
obtained from the other by interchanging the first symbol and the ith symbol.

An n-star contains n disjoint (n — 1)-stars as subgraphs, each pair of which
are connected by (n — 2)! links [61].
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2.3.6 Complete k-ary trees

Definition 2.3.7. The complete k-ary tree, denoted by T} p is a rooted tree
i which the root and every internal node has k children and every leaf is at
distance h from the root.

2.3.7 Complete transposition graph

Definition 2.3.8. An m-dimensional complete transposition graph is a sym-
metric graph that has n = m! nodes of degree m — 1. Each node of this graph
s assigned a label, which is a distinct permutation of the set of m symbols
{1,2,...,m}. Two nodes are connected by an edge if, and only if, their labels
differ in exactly two positions.

2.3.8 Butterfly graph

Definition 2.3.9. The m-dimensional butterfly graph, denoted by BF(m),
has vertex set V- = {(x;1) : ® € V(Qm),0 < i < m}. Two vertices (xz;i) and
(y;7) are connected by an edge if and only if j =i+ 1 and either xt =y or x
differs from y in precisely the jth bit.



Chapter 3

Previous results

In this chapter we summarize the previously known results. Both antiband-
width and three-dimensional layout problems are discussed here. We provide
the overview of both problems with accent on the results which have direct
connection to the results obtained in this thesis.

3.1 Known results on the antibandwidth problem

Because of the name confusions the searching for the results in literature is
not simple. Since the antibandwidth problem is a dual one to the well-studied
bandwidth problem there was some effort to find a connection between these
two problems. So far, nothing strong has been proven. We provide a relation
later in this work.

Motivation for studying this problem comes mainly from the area of theoret-
ical computer science. This gives the main trend in the literature discussing
the antibandwidth problem - to research the invariant itself and to determine
its value for known interconnection networks. In our work, we follow this
framework and our research is focused on this two points mainly. Before that,
we start with some known general results characterizing the invariant itself.
We refer the interested reader to a survey by Miller and Pritikin [42].

3.1.1 Upper bounds

We start with the uppe