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A map is called regular if its automorphism group acts
regularly on the set of all flags (incident vertex-edge-face
triples). An orientable map is called orientably-reqular
if the group of all orientation-preserving automorphisms is
regular on the set of all arcs (incident vertex-edge pairs). If
an orientably-regular map admits also orientation-reversing
automorphisms, then it is regular, and called reflexible. A
reqular embedding and orientably-reqular embedding of
a graph G are respectively a 2-cell embeddings of G as a
regular map and orientably-regular map on some closed
surface.

In this talk, we shall give a classification of orientably-
regular and regular embeddings of graphs of order pq,
where p and ¢ are primes.



1. Surfaces and Embeddings

2-manifold M: a topological space M which is Hausdorf

and is covered by countably many open sets isomorphic to
either 2-dim open ball or 2-dim half-ball;

Closed 2-manifold M: compact, boundary is empty;
Surface S: closed, connected 2-manifold;

Classification of Surfaces:
(i) Orientable Surfaces: S;, ¢ =0,1,2,-- -,
v+ f—e=2-—2g

(ii) Nonorientable Surfaces: Ny, k=0,1,2,--- |
v+ f—e=2—k



Embeddings of a graph X in the surface is a continuous
one-to-one function ¢ : X — §.

2-cell Embeddings: each region is homemorphic to an
open disk.

The primitive objective of topological graph theory is
to draw a graph on a surface so that no two edges cross.

Topological Map M: a 2-cell embedding of a graph
into a surface. The embedded graph X is called the un-
derlying graph of the map.

Automorphism of a map M : an automorphism of the un-
derlying graph X which can be extended to self-homeomorphism
of the surface.

Automorphism group Aut (M) : all the automorphisms
of the map M.

Remark: Aut (M) acts semi-regularly on the flags of X.

Regular Map: Aut (M) acts regularly on the flags (inci-
dent vertex-edge-face triples).

Orientably-Regular Map: map is orientable and the group
of all orientation-preserving automorphisms is regular on
the arcs (incident vertex-edge pairs).

Reflexible Map: Orientably-regular and regular.
Chiral Map: Orientably-Regular Map but not regular.
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Three main research directions:

1. Classifying regular maps by groups;
2. Classifying regular maps by underlying graphs
3. Classifying regular maps by genus



2. Combinatorial and Algebraic Map

Combinatorial Orientably-Regular Map:

connected simple graph G = G(V, D), with vertex set
V =V(G), dart (arc) set D = D(G).

arc-reversing involution L: interchanging the two arcs
underlying every given edge.

rotation R: cyclically permutes the arcs initiated at v for
each vertex v € V(G).

Map M with underlying graph G:
the triple M = M(G; R, L).

Remarks: Monodromy group Mon(M) = (R, L) acts
transitively on D.

Given two maps

My = M(Gi; Ry, Ly), My = M(Gs; Ry Lo),

Map (orientation persevering ) isomorphism: bijection

¢ : D(G1) — D(Gy) such that

Ligp = ¢Lo, Ri¢ = 9Ry
Automorphism ¢ of M :if My = My = M;
Automorphism group: Aut (M)
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Remarks: Aut (M) = Cs,(Mon(M));
Aut (M) acts semi-regularly on D,

Orientably-Regular Map: Aut (M) acts regularly on D.

For an orientably-regular map, we have

(i) Aut (M) = Mon(M);

(ii) Aut (M) and Mon(M) on D can be viewed as the
right and the left regular representations of an abstract

group G = Aut (M) = Mon(M)



Algebraic Orientably-Regular Map:

Given an orientably-regular map M with Aut (M) =
(G, we may represent it by an algebraic map M(G;r 1),
where |I| = 2.

(i) M(G;ry, b)) = M(G; r9,ls) if and only if there
exists an element o € Aut(G) such that r{ = 7y and
(7 = U,

(ii) M(G;r, £) is reflexible if and only if there exists an
element o € Aut (G) such that r7 = r~1 and 7 = £.



Combinatorial Regular Map:

For a given finite set F' and three fixed-point free in-
volutory permutations t,r,{ on F', a quadruple M =
M(F;t,r, 0) is called a combinatorial map if they sat-
isfy two conditions: (1) tl = (t; (2) the group (t,r, ()
acts transitively on F.

F: flag set;

t,r, £ are called longitudinal, rotary, and transverse in-
volution, respectively.

Mon(M) = (t,r,£): Monodromy group of M,

vertices, edges and face-boundaries of M to be orbits of
the subgroups (t,r), (t,€) and (r, (), respectively.

The incidence in M can be represented by nontrivial in-
tersection.

The map M is called unoriented.

the even-word subgroup (tr, r¢) of Mon(M) has the index
at most 2.

orientable: if the index is 2,

nonorientable: if the index is 1



Given two maps My = M(Fy;t1,r1,01) and My =
MQ(FQ;t27T27€2)7

Map 1isomorphism: bijection ¢ : Fy — F5 such that
oty = t20, @r1 =120, @l ={20.

Automorphism of M :if My = My = M;
Automorphism group: Aut (M)
Remarks: Aut (M) = Cg,(Mon(M));

Aut (M) acts semi-regularly on F),
Regular Map: Aut (M) acts regularly on F.

Remarks: For regular map, we have

(i) Aut (M) = Mon(M);

(ii) Aut (M) and Mon(M) on F can be viewed as the
right and the left regular representations of an abstract
group G.
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Algebraic Regular Map:
Given a regular map M with Aut (M) = G, we may
represent it by an algebraic reqular map M(G;t,r, /).

M(G;ty,11,0,) = M(G; tog,r9, £) if and only if there
exists an element o € Aut (G) such that t{ = to, 7] = 19
and (] = (5.
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‘Regular Maps‘'="Nonorientable Regular Maps® + ‘Re-
flexible Maps'

‘Orientably-Regular Maps'="Chiral Maps' + ‘Reflexible
Maps'
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3. Classify regular embeddings of the graphs
of order pq

1. S.F. Du, J.H. Kwak and R. Nedela, A Classification
of regular embeddings of graphs of order a product of two
primes, J. Algeb. Combin. 19(2004), 123-141.

2. S.F. Du and Jinho Kwak, Nonorientable regular em-
beddings of graphs of order p?, accepted by DM, 2009.

3. S.F. Du and F.R.Wang, Nonorientable regular em-
beddings of graphs of order a product of two distinct primes,
in preparation.
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Case 1: Orientably-Regular Maps:

First we define some groups and maps:

(I) Let p > 7, h any odd divisor of p — 1 with h > 3,
and let ¢ be any fixed element of order 2h in BZ7. Define
a group

Gy =Gi(p,h) = (z,y | 2" = =1, 2¥ = 2.

Ml — Ml(p7 h77’) — M(Glaym:xyh)
where ¢ € BZ;.

(IT) Let p > 3, h any even divisor of p> — p with h > 2,
and let ¢t be any fixed element of order A in BZ;Q. Define
a group

Gy = Ga(p, h) = (z,y | 2 =yl =1, ¥ = '),

. i h
M2 - M2(p7 hv Z) — M(G27 Yy ,$y2>,
where 7 € BZ;.

(IIT) Let p > q > 2, pg > 4 and (t1,t2) € BZ; x BZ;
such that ¢y # t9 if p = ¢, and ((t1,t2)) contains (—1, 1) if
q = 2, and contains (—1,—1) if ¢ > 3. Let h = [|t1], [t2]],
where h > 2 is even. Define a group

G3 — G3<p7 Q7t17t2> — <CL, b,ﬂf ‘ a’ = bl = ':Uh
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= [a,b] = 1,a" = a"t, b" = b'?).

M?) — M3(p7 Q7t17t27i) — M(G3,ZIS’Z, abx%)a

where : € BZF/(BZ;)*" if p = q and h = [t1] = ||, and
1 € BZ; otherwise.

(IV) Let BF, = (f) and let x be an element of order h
in GL(2,p), where h > 3, defined as follows:

(1) If p=2and h = 3, then x = ||1,1;1,0||; or

2)iftp >3, h | (p>—1) but h { (p — 1), then z =
lle, fO; f, el]] for some fixed pair (e, f) such that |z| =
h.

Let T = (a,b) be the translation subgroup of AGL(2, p)
as before. Define a group

G4 = G4(p, h) =T <l’> S AGL(Z,p)

My = My(p, h,i) = M(Gy, 2", az),

where either z = 1 for p = 2 or 2z = 2% for p > 3; and
i € BZ;/(BZ)* .

(V) Define a group
Gs; = Gs(p) = (a, b, x | a’ =0 =2° = [a,b] = 1,a" = b.).
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M;s(p) = M(G5;a, ).

(VI) Let BF, = (0) and let H = (x,y) be a subgroup in
GL(2, p) isomorphic to a Frobenius group BZ,:BZ;, with
h > 2, and two elements x and y are defined as follows:

(1) If p=2,q=3and h =2, then z = ||1,1;1,0]| and
y = 10,1, 1,0[[;

2)ifp >qg >3,¢| (p—1) and h = 2, then z =
11£,0:0,¢7Y| where t = 87 and y = [0, 1; 1,0]];

B)ifp >q > 3, q ‘ (p+ 1) and h = 2, then x =
lle, fO; f, e]| for some fixed pair (e, f) such that ||
h, and y = ||1,0; —1,0l]; or

(4) if p = g > 3 and h is an even divisor of p — 1, then
v =[|1,1;0,1]] and y = ||1,0;0, ||, where ¢ = 6% |

Define a group
G@ = G6(p, q, h) =T H < AGL(Q,p)

M(p,q, .5, 5) == M(Ge: 'y, a'y?),
i€ BZ:/(BZ;)"" and j € BZ;; and

/_{tu,m if p=2¢q|(p+1) or p=g,
a — .
tay if g (p—1),
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Theorem 0.1 Let M be an orientably-regular map with
a underlying graph G of order pq for any two primes

p and q with p > q. Then M 1is isomorphic to one of

the following reqular maps uniquely determained by the

given integer parameters:

Hp=q=2
M 2 M;s(2)

<
i~
1V
wo
o
S
S
S
|

|I2

,3,2,1,1) where p =3

Ms(2
Mi(p, h, 1)
(
M (p

IIZ

3p 2 t17177‘)
), where p >3

XL
m

IIZ

(4) p>q>3:
M = M3(p7 QJt17t27i)
M6(p7 Q727i7 1)

17



Case 2:Nonorientable Regular Maps of order p*:
(1) Gy =T : (:1: y), where x = (9_;”1 90) and y =
0 )

(¢

M(G1 y, vy, 11:1:7) where i € ZF N {1,..., 5}

), p > 05, n>41sevenandn| —1).

e fo0

(2) Go = T : (x,y), where z = (f e) and y =
(1 O>7WhereF;:<9>7Fp2:Fp(5),€2:9ande—|—fg

0 —1
is a given generator of the subgroup of order n of F;},

p>3,n>4iseven and n } (p+1).
M(Ga;y, x'y, 75(1,0)1'%), where i € Z* N {1,..., g},

3) Gs =T : (x,y), where x = (‘01 j) and y

(;2),Withp23.

M(Gs;y, 2y, t0x”), where p > 3
(4) M(Sy, (12),(13),(12)(34)).

Theorem 0.2 Let M be a nonorientable reqular map
with the underlying graph X of order p*, for any prime
p. Then M is z'somorphz’c to one of the following maps
M(Gryy, 2y, to)x?)
M(Ga;y, 'y, L 0)22)
M(G3;y, 2y, t10)2")
M54, (12), (1 ) (12)(34)).
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Case 3: Nonorienatble Case for p # q

Theorem 0.3 Let M be a nonorientable reqular em-
bedding of the graph X of order pq, where p > q are two
primes. Then M is isomorphic to one of the following
algebraic maps M(G;t,r,1)

(1) G= As, t = (12)(34),r = (15)(24) and | = (13)(24)
or (14)(23), where X = K.

(2) G = As, t = (13)(45), r = (12)(45) and 1 = (14)(35),
where X 1s Peterson graph.

(3) G =55, (t,r,1) = ((23), (12)(49), (14)(23));
((23),(12)(45), (14)) ((12)(45), (23), (14)(25)), where
X 1s the complement of Peterson graph.

(4) G = S5, t = (24), r = (12)(34) and | = (15) or
(15)(24), where pq = 15.

(5) Set G = (o, 8) : (x,y) < AGL(2,p), where a =
tao), 8 = ton and (x,y) = Doy and x and y are
defined as follows:

()2 | (=) w= (" 3) andy =1} ), where
0 1s order of 2q in Fj. Sett = —ey, 7 = t(_(;i?l)xiy
and | =y, where 1 € Z; N € {1, ,q}.

(i) 2¢q | (p+1): z = (; ff) and y = ((1) _01),
where Ff = (0), Fjp = Fy(c) for e* =0, e+ fe is
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a given element of order 2q in F;‘Q. Set t = —eo,
r o= t<_fi<€i+1)_171)a:iy and | =y, where i € Z3 N

{1,--,q} and:vi:(j{ fee)
In both cases, X = C,[K,), p > q > 3.

(6) G = PGL(2,p), p > 7 and ¢ = 2+ or 21 is a
prime.

(i) ’%1 is prime: t = (_%k (1)), r= (_99+k (1)) and
l—(ﬂak _1) where k € {0,1}, iﬂE{l,Q,---,p%l},
RSV and if k = 0 then 3° # —

(i1) p%l is prime: t = (i _”1), r =t (i ?)

and | = <_ﬁ”_1 ﬁ__1>, where F5 = (1 + Ae) for

v

2= v e {0\, i€ 2, n {12, Y

ge{0,1,2--- ,p;l} and if v =0 then 0 # 0, 1.

(7) G = PSL(2,p), where p > 11 and g = 25+ or 254 is
a prime.

(i) 25* is prime: t = (_01 (1)), ro= <_09 9(;) and
l:(;f}l),whe'rezeZ*lﬂ{lQ p%l},ﬂe
{1,2,---,p1}and1+52 c (6%).

(ii)p%lispm'me:t:(i Al),rzt(i ?)% and
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[ = (;1 o ), where F, = (1+A¢) fore? = —1,
i€ Zya N L2, Y B e {01,200, B2}
and 3* — \* — 1 € (6?).

In (5) — (7), the maps are uniquely determined by
the given parameters.
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