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Lemma: Let ϕ : ∆0̂ → ∆ be an epimorphism, B a bipartite
hypermap and B a hypermap subgroup for B. Then

B ∼= ϕ(·) ⇔ ker ϕ ⊆ Bg, for some g ∈ ∆.

(Since ker ϕ ⊳ ∆0̂, B ∼= ϕ(·) ⇔ ker ϕ ⊆ B or (ker ϕ)R0 ⊆ B.)
Corollary: Let ϕ : ∆0̂ → ∆ be an epimorphism and A and B

hypermaps such that B is bipartite.

1 A → B & A ∼= ϕ(·) ⇒ B ∼= ϕ(·)

2 B+ ∼= ϕ(·) ⇒ B ∼= ϕ(·)

3 B∆
∼= ϕ(·) ⇒ B ∼= ϕ(·)

4 B ∼= ϕ(·) ⇒ B∆ ∼= ϕ(·)
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Lemma: Let ϕ : ∆0̂ → ∆ be an epimorphism and H a
hypermap.

1 ϕ(H) has no boundary ⇒ H has no boundary.
2 ϕ(H) is orientable ⇒ H is orientable.

Theorem: Let ϕ : ∆0̂ → ∆ be an epimorphism and H, N and
O be hypermaps such that N has no boundary and O is
orientable. The following conditions are equivalent:

1 R1, R2, R1
R0 , R2

R0 /∈ ∆+ϕ−1.

2 ∆+ϕ−1 = ∆+ ∩ ∆0̂, that is, ϕ(T∆+) ∼= T
∆+00̂.

3 ker ϕ ⊆ ∆+.
4 ϕ(N ) has no boundary.
5 ϕ(O) is orientable.
6 ϕ(H+) ∼= ϕ(H)+.
7 ϕ(H)+ ∼= ϕ(·).
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Corollary: Let ϕ : ∆0̂ → ∆ be an epimorphism such that
R1, R2, R1

R0 , R2
R0 /∈ ∆+ϕ−1, H a hypermap and B a bipartite

hypermap. Then:

1 ϕ(H) is orientable ⇔ H is orientable.

2 ϕ(H) has no boundary ⇔ H has no boundary.

3 ϕ(H+) ∼= ϕ(H)+.

4 B ∼= ϕ(·) ⇔ B+ ∼= ϕ(·).

Corollary: B non-orientable & B ∼= ϕ(H) ⇒ B+ ∼= ϕ(H+).
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g gϕ1 gϕ2 gϕ3 gϕ4 gϕ5

R1 R1 R1 R1 R1 R1

R2 R2 R2 R2 R2 R2

R1
R0 R0 R0 R2 R0 R1

R0

R2
R0 R2 R0 R0 R1 R0

ϕ1(H) and ϕ2(H) are denoted by Wal(H) and Pin(H) in Breda
and Duarte, 2007
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Surfaces with bipartite-regular hypermaps

Theorem: All surfaces have bipartite-regular hypermaps.

Orientable case: Breda and Duarte, 2007
Non-orientable case:
Let PP2k the regular hypermap on the projective plane of type
(2, 2, 2k). Then:

1 ϕ4(PP2k ) is non-orientable and has genus 2k

χ(ϕ4(PP2k )) = 2 − 2k

2 ϕ5(PP2k ) is non-orientable and has genus 2k − 1

χ(ϕ5(PP2k )) = 2 − (2k − 1)
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